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Implementation of the quantum walk step operator in lateral quantum dots
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We propose a physical implementation of the step operator of the discrete quantum walk for an
electron in a one-dimensional chain of quantum dots. The operating principle of the step operator is
based on locally enhanced Zeeman splitting and the role of the quantum coin is played by the spin
of the electron. We calculate the probability of successful transfer of the electron in the presence of
decoherence due to quantum charge fluctuations, modeled as a bosonic bath. We then analyze two
mechanisms for creating locally enhanced Zeeman splitting based on, respectively, locally applied
electric and magnetic fields and slanting magnetic fields. Our results imply that a success probability
of > 90% is feasible under realistic experimental conditions.
PACS numbers: 73.21.La, 05.40.Fb, 03.65.Yz, 03.67.Lx
The quantum walk (or quantum random walk) is the
quantum-mechanical analogue of the classical random
walk and describes the random walk behavior of a quan-
tum particle. The concept ”quantum walk” was formally
introduced by Aharonov et al. in 1993 [1] and suggested
earlier by Feynman [2]. The essential difference with the
classical random walk lies in the role of the coin: Whereas
in the classical random walk the coin is a classical ob-
ject with two possible measurement outcomes (”heads”
or ”tails”), in the quantum walk the coin is a quantum-
mechanical object - typically a two-level system such as a
spin-1/2 particle - which can be measured along different
bases and hence has a multi-sided character. As a result,
the quantum walk exhibits strikingly different dynamic
behavior compared to its classical counterpart due to in-
terference between different possible paths. One exam-
ple is faster propagation [1]: The root-mean-square dis-
tance from the origin 〈x〉rms that is covered by a quantum
walker grows linearly with the number of steps N (thus
corresponding to ballistic propagation), whereas for the
classical random walk 〈x〉rms ∼
√
N (corresponding to
diffusive propagation). This property has been exploited
to design new quantum computing algorithms [3]. Both
discrete and continuous time quantum walks have been
extensively studied in recent years [4], including inves-
tigations of decoherence [5] and entanglement between
quantum walkers [6].
As far as implementations of quantum walks in ac-
tual physical systems are concerned, several proposals
have been put forward for a range of optical and atomic
systems, such as optical cavities [7], cavity QED sys-
tems [8], trapped atoms and ions [9] and linear optical
elements [10]. On the experimental side, only a few re-
alizations of quantum walks have been achieved: Dis-
crete and continous quantum walks in NMR quantum
systems [11], discrete quantum walks using linear optical
elements [12] and, most recently, a continuous quantum
walk in an optical waveguide lattice [13].
For solid-state systems, no realizations of quantum
walks exist so far. A recent proposal for implementation
of a quantum algorithm using NAND operations in a tree
of quantum dots relies on the continuous time quantum
walk [14].
In this paper we propose the first implementation of
a discrete quantum walk in a solid-state quantum sys-
tem, which consists of a single electron traveling in a one-
dimensional chain of quantum dots. In particular, we fo-
cus on the implementation of the so-called step operator,
the basic unit of the quantum walk. The step operator
causes the electron to either move to the left or to the
right depending on the state of the quantum coin, which
in our model is represented by the spin of the electron.
We calculate the spin-dependent transfer probability of
the electron from one dot to the next in the presence of
different energy level splittings in neighboring quantum
dots (due to locally enhanced Zeeman splitting), tak-
ing into account the effects of decoherence due to gate
voltage fluctuations [15]. We then propose two physical
mechanisms to achieve locally enhanced level splitting in
a quantum dot using local electric and magnetic fields
and find that under current experimental circumstances
successful implementation of the step operator is possible
with > 90% probability.
Model of the step operator. - Consider a chain of three
quantum dots in series, in which the middle dot (M) is
occupied by a single electron, see Fig. 1. The energy
level diagram shows the Zeeman splitting ∆
(′)
z of the low-
est two levels in a magnetic field, and we assume that
this splitting is larger in the middle dot by an amount
∆′z − ∆z. The gate voltages VL, VM and VR are used
to shift the energy levels in the left, middle and right
dot resp., and the gate voltages VT are used to tune the
tunnel coupling between neighboring dots. The initial
spin state of the electron is a superposition of spin-↑ and
spin-↓ and our first goal is to design an implementation
of the step operator such that it causes the electron to
2FIG. 1: (left) A linear chain of 3 quantum dots in a magnetic
field and (right) the corresponding energy level diagram. The
direction of (locally) applied electric and magnetic fields in
each dot is also indicated, a cross indicates no applied field.
See the text for further explanation.
coherently move to the left (right) if it has spin-↑ (spin-↓)
and to calculate the probability of succesful transfer for
this process. To begin with, we assume the right dot to
be decoupled from the other two and calculate the spin-
dependent probabilities to find the electron in the left and
middle dot at a given time. In the absence of decoherence
- which is considered further below - the Hamiltonian for
the spin-↑ and spin-↓ components of the electron is given
by
H0,σ =
(
Aσ λ
λ Bσ
)
, (1)
in the basis {|L〉, |M〉}. Here (A↑,B↑) = (ǫ,0), (A↓,B↓)
= (ǫ + ∆z,∆
′
z) and λ is the (spin-independent) tun-
nel coupling between the left and middle dot. The
eigenvalues and -vectors of Eq. (1) are given by
E±,σ =
Aσ+Bσ
2 ± 12
√
(Aσ − Bσ)2 + 4λ2, |ψ+,σ〉 =
(sin θσ, cos θσ)
T and |ψ−,σ〉 = (cos θσ,− sin θσ)T , with
tan θσ ≡ h¯δσ+
√
(h¯δσ)2+4λ2
2λ , δ↑ ≡ ǫ/h¯ and δ↓ = (ǫ +∆z −
∆
′
z)/h¯. In the absence of decoherence, the solution of
the density matrix equations ρ˙ = −(i/h¯)[H0,σ, ρ] for the
population in the left dot is given by
ρLL,σ(t) =
2λ2
(h¯ωσ)2
[1− cos(ωσt)] (2)
for initial conditions ρLL,σ(0) = 0, ρMM,σ(0) = 1 and
h¯ωσ ≡
√
(h¯δσ)2 + 4λ2. We see that the probability
for the spin-↑ component to be in the left dot and the
spin-↓ component to remain in the middle dot is 1 for
(h¯ω↑)
2
2λ2 = 1 − cos
(
2nπ
ω↑
ω↓
)
, n = 0, 1, 2, . . .. The smallest
n that yields a solution to this equation for ǫ = 0 (zero
detuning) is n = 1, for which ∆z − ∆′z = 2
√
3λ and
t = 2π/ω↓. The second half of the step operator then
consists of repeating the same procedure as described
above for tunnel coupling between the middle and the
right dot, now assuming the left dot to be decoupled.
Decoherence due to quantum fluctuations. - In reality,
the time evolution of the occupation probabilities ρσ is
affected by decoherence due to coupling of the quantum
dots to the environment. In typical experimental situa-
tions kBT < h¯ωσ, for T ≤ 100 mK and λ ≤ 1.5 10−24
J [16, 17], so that quantum noise, rather than classical
noise, is the dominant source of decoherence. Specifi-
cally, since the quantum walk step operator based on the
Hamiltonian (1) involves tuning the tunnel couplings λ -
resulting in different charge occupations on neighboring
dots - the probability distributions will be strongly af-
fected by fluctuations of charge in the environment [18].
The quantum charge fluctuations we consider here are
gate voltage fluctuations, which cause both fluctuations
in the tunnel coupling λ and in the energy levels E± of
the Hamiltonian (1) [19]. The Hamiltonian which de-
scribes the quantum dot system plus the environment is
given by
H = H0 + VǫAǫ + VλAλ +Hbath,ǫ +Hbath,λ, (3)
with H0 the Hamiltonian (1) of the isolated sys-
tem, Vλ = |L〉〈M | + |M〉〈L|, Vǫ = |L〉〈L| − |M〉〈M |,
Aǫ(λ) =
∑
k ck,ǫ(λ)(b
†
k,ǫ(λ) + bk,ǫ(λ)) and Hbath,ǫ(λ) =∑
k h¯ωk,ǫ(λ)b
†
k,ǫ(λ)bk,ǫ(λ). We model the environment
as a bosonic bath [20] with creation and annihila-
tion operators b†k,ǫ(λ) and bk,ǫ(λ) and use the Born-
Markov approximation [21] to calculate the time evolu-
tion of the spin-dependent occupation probabilities un-
der the Hamiltonian (3), assuming weak coupling be-
tween the system and the environment and short cor-
relation times of the boson baths (Markovian assump-
tion). The baths are characterized by the symmet-
ric and anti-symmetric spectral functions S±(ω) with
S+(ω) = coth
(
h¯ω
2kBT
)
S−(ω) [20] and we assume Ohmic
baths with Lorentzian damping for which S−(ω) =
αh¯2ω 1(ω/ωc)2+1 with ωc a cut-off frequency. The time
evolution of the reduced density matrix ρab(t) is then
given by dρab(t)dt = −iωabρab(t) +
∑(sec)
cd Rabcdρcd(t), with
ωab ≡ (Ea − Eb)/h¯ and Rabcd the Bloch-Redfield ten-
sor [20, 22]. Solving this master equation for the two-level
system {|ψ+,σ〉, |ψ−,σ〉} described above for an electron
starting at t = 0 in the middle dot yields for the evolu-
tion of the population ρ−− of the groundstate |ψ−〉 and
the coherence terms ρ−+:
ρ−−,σ(t) =
1
2
(tanh(
h¯ωσ
2kBT
)− cos(2θσ))e−γ1t +
coth( h¯ωσ2kBT )− 1
2 coth( h¯ωσ2kBT )
(4a)
ρ−+,σ(t) = ρ
∗
+−,σ(t) = − sin θσ cos θσe−iωσte−γ2t(4b)
with
γ1 = 4π
2
(
αλ cos
2 2θσ + αǫ sin
2 2θσ
)
ωσ coth
(
h¯ωσ
2kBT
)
(5a)
γ2 =
γ1
2
+
8π2
h¯
(
αλ sin
2 2θσ + αǫ cos
2 2θσ
)
kBT. (5b)
3FIG. 2: Survival probability [Eq. (6)] of the spin-↑-component
(main plot) and spin-↓-component (inset) in the middle dot
as a function of time t for various values of α ≡ αλ =
αǫ [23]. Parameters used are h¯δ↑ = 0, h¯δ↓ = 1µeV, λ =`
2
√
3
´−1
µeV [17], and T = 10 mK.
Eqns. (4) and (5) are valid in the limit γ1, γ2 ≪
|h¯ωσ|, 1/τ¯ (with τ¯ the bath correlation time) [21]. The
survival probability to remain in the middle dot at time
t is then given by
PM,σ(t) =
1
2
[
1 + cos(2θσ) tanh
(
h¯ωσ
2kBT
)
(1− e−γ1t)+
cos2(2θσ) e
−γ1t + sin2(2θσ) cos(ωσt) e
−γ2t
]
(6)
and plotted for both spin-↑ and spin-↓ in Fig. 2. Using
typical experimental parameters (see figure caption and
discussion below) we see that succesful transfer of the
spin-↑ component to the left dot while spin-↓ remains
in the middle dot occurs with probability > 90% (for
α ≤ 3 · 10−4) at t ≈ 3.5 ns.
Locally enhanced Zeeman splitting. - We now consider
the question how a different Zeeman splitting in neigh-
boring dots - as assumed in the calculations above - can
be realized in practice. In particular, we propose two
mechanisms to achieve locally enhanced Zeeman split-
ting. The first one is by application of a local trans-
verse magnetic field and a local electric field and relies
on spin-orbit interaction. Both tunable local magnetic
and electric fields have recently been demonstrated ex-
perimentally [24, 25]. In our model, see Fig. 1, we as-
sume that a local magnetic field (in addition to the global
Zeeman-splitting field ~B) and a local electric field ~E(t)
are applied to the middle quantum dot. In the presence
of spin-orbit interaction, the Hamiltonian for this middle
dot is then given byH = H0+e ~E(t)·~r+α (pxσy − pyσx)+
β (−pxσx + pyσy), with H0 the Hamiltonian given by
Eq. (1), and α and β resp. the Rashba and Dressel-
haus spin-orbit coupling strengths. Using the Schrieffer-
Wolff transformation, the Hamiltonian H can be di-
agonalized to first order in the spin-orbit terms which
yields, for the spin-dependent part, Heff ≡ eSHe−S =
1
2g
∗µB
(
~B + δ ~B(t)
)
· ~σ [26]. Here the effective magnetic
field δ ~B is given by δ ~B = 2 ~B ×
(
~Ω1(t) + ~n× ~Ω2(t)
)
,
with ~Ω1(t) =
eh¯
EZ
α1 (Ey′/λ−, Ex′/λ+, 0), ~Ω2(t) =
eh¯
EZ
β1 (−Ex′/λ−, Ey′/λ+, 0), α1 = h¯m∗
EZ(E2Z−(h¯ω0)
2)
(E2
Z
−E2
1
)(E2
Z
−E2
2
)
,
β1 =
h¯
m∗
E2
Z
h¯ωc
(E2
Z
−E2
1
)(E2
Z
−E2
2
)
, λ± = h¯/(m
∗(β ± α)), EZ =
g∗µBB, E1,2 = h¯(
√
4ω20 + ω
2
c ±ωc)/2, with ωc = eB/m∗
the cyclotron frequency and m∗ω20r
2/2 the harmonic po-
tential of the quantum dot [27]. In these expressions we
have used x′ ≡ (x + y)/√2 and y′ ≡ (y − x)/√2. Since
for the step operator we require the eigenstates of the
Hamiltonian H to be | ↑〉 and | ↓〉 we must account for
the fact that the eigenvectors of the effective Hamiltonian
Heff are transformed by e
S with respect to the eigenvec-
tors of H corresponding to the same eigenvalues. We do
this be requiring that the eigenvectors of Heff are e
S | ↑〉
and eS | ↓〉 to first order in the action S.
Let us assume the global magnetic field ~B to be paral-
lel to the zˆ-axis. From the expression for Heff it follows
that in order to locally generate a different Zeeman split-
ting (along the zˆ-axis) in the middle dot compared to its
neighboring dots, an additional tunable local magnetic
field, e.g. along the xˆ′-axis, and a tunable local electric
field, also along the xˆ′-axis, are required. We define the
total (local) magnetic field ~B(t) = B0 (nx′(t), 0, nz). We
use the expression for the effective magnetic field com-
bined with the requirement for the eigenvectors of Heff
to derive two implicit equations for the magnetic- and
electric field in the xˆ′-direction as a function of the local
magnetic field δB in the zˆ-direction:
nx′ − nz γα1Ex
′
λ+
+ n2z
γβ1Ex′
λ−
=
(
1 +
δB
B0
) −2c
1 + c2
(7)
nz + nx′
γα1Ex′
λ+
− nx′nz γβ1Ex
′
λ−
=
(
1 +
δB
B0
)
1− c2
1 + c2
,(8)
where we have defined γ ≡ 2eh¯/EZ and c ≡
eE
x′
mω2
0
(
1
λ+
+ nzα2λ− − (n2x′ + n2z)
β
′
2
λ+
)
σy′ .
Fig. 3 shows the required fields Bx′ and Ex′ as a func-
tion ofB0 for typical experimental parameters and a local
Zeeman splitting of 1 µeV [28]. We see that in order to
have an additional Zeeman splitting of 1 µeV (as assumed
in Fig. 2), e.g. at B0 = 0.05T magnetic and electric fields
Bx′ ∼ 63 mT and Ex′ ∼ 4.6 105 Vm−1 are required.
Although these values of Bx′ and Ex′ are (somewhat)
larger than those that have been used so far in exper-
iments [24, 30], they may well become available in the
near future. Alternatively, one could use larger B0 (cor-
responding to larger Bx′ and smaller Ex′) or smaller δBz
(corresponding to smaller Bx′ and Ex′ , but also smaller
success probability). In addition, we note that in order
to preserve the qubit’s quantum state, the fields need to
be switched on and off adiabatically. The correspond-
ing switching time T of e.g. the tunable magnetic field
then has to fulfill [31] T ≫ h¯nx′4nz |g∗|µBB0 ∼ 0.1 ns. This
timescale is well within experimental reach and compat-
4FIG. 3: Ex′ (solid line) and Bx′ (dotted line) vs. B0 for a
local magnetic field δB corresponding to a Zeeman splitting of
1 µeV . Parameters used are h¯ω0 = 1 meV [27],m
∗ = 0.067me
(for GaAs [27]), λ+ = 2µm, λ− = 10µm [24, 29], and nz = 1.
ible with the operation time (duration of electron trans-
fer) ≈ 3.5 ns that we estimated above.
Another method to generate different Zeeman fields in
neighboring dots is by using a slanting magnetic field.
The latter has recently been demonstrated for the first
time by integrating a microsize ferromagnet in a dou-
ble dot device [32]. As a result of the slanting field, the
orbital and spin degrees of freedom become hybridized,
leading to an effective mixed charge-spin two-level sys-
tem, where the role of the coin is played by the pseu-
dospin instead of the real spin. A global magnetic field
∼ 2 T magnetizes the ferromagnet and its inhomogene-
ity leads to a different Zeeman field in the two quantum
dots of δBz ∼ 10 mT (|∆z −∆′z | ≈ 4 · 10−26 J [32]). An
advantage of this method compared to using spin-orbit
interaction (as discussed above) is that no tunable mag-
netic fields but only tunable gate voltages are needed. A
disadvantage is that the qubit is likely to be more sensi-
tive to orbital decoherence.
Finally, we briefly discuss the question of how to ex-
tend our model from 3 quantum dots to a longer one-
dimensional chain. In order for the electron to perform
a quantum walk along the chain, opening and closing
of tunnel barriers and aligning energy levels has to be
applied at every position where the particle has a finite
probability of being found. In addition, not only a step
operator, but also a reinitialization operator C of the
coin (spin) degree of freedom is needed [1]. A common
choice for C is the Hadamard operator [4], which can
be implemented by two coherent rotations around differ-
ent axes [24, 25, 33]. The dynamics of a quantum walk
of electrons along a one-dimensional chain of quantum
dots in the presence of decoherence remains an interest-
ing question for future research.
In conclusion, we have proposed an implementation of
a discrete quantum walk step operator in a solid-state
nanostructure consisting of a linear chain of 3 quantum
dots. For currently available techniques to locally create
enhanced Zeeman splitting and taking into account de-
coherence due to quantum charge fluctuations, we have
analyzed the probability for coherent transfer of the elec-
tron to the left or right (conditioned on its spin), and pre-
dict that > 90 % success probability is feasible. We hope
that our results will stimulate a proof-of-principle exper-
imental demonstration of the discrete quantum walk step
operator in a solid-state nanosystem.
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